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1. Introduction
A spray consists of paths (geodesics) in a path space [3]. There is detailed discussion on sprays in [12]. One of the
important problems in projective spray geometry is to study the projective relationship between two sprays on the same
manifold. We call two sprays G and G˜ are projectively related if they have all the same geodesics (as points). Ricci curvature
is an important concept in spray geometry and it is natural to study the relations between the Ricci curvatures of two
projectively related sprays. There are two classes of important sprays: projectively ﬂat sprays and the sprays induced by
Finsler metrics. A spray is called projectively ﬂat on an open domain in Rn if its geodesics are straight lines. Every Finsler
metric induces a spray, but on the contrary, there are sprays which cannot be induced by Finsler metrics. One of the tasks
in this paper is to construct a class of projectively ﬂat (so isotropic) sprays which cannot be induced by any (even singular)
Finsler metrics.
The Ricci curvature plays an important role in projective geometry. In [10], Z. Shen studies some geometric properties
between two projectively related Finsler metrics F and F˜ under the following Ricci condition
R˜ic− Ric = λ˜ F˜ 2 − λF 2,
where λ˜ and λ are constant. Some interesting results are that if (M, F ) and (M, F˜ ) are complete, then λ˜ and λ have the
same sign; additionally, if λ˜ = λ = −1 after scaling, then F = F˜ .
In [2], it obtains a comparison theorem on Ricci curvature under projective changes, which says that if (M,G) and (M, G˜)
are projectively related with (M,G) complete and their Ricci curvatures satisfying R˜ic  Ric, then the projective relation
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G. Yang / Differential Geometry and its Applications 29 (2011) 606–614 607between (M,G) and (M, G˜) is trivial, Gi = G˜ i . In this paper, we generalize this comparison theorem on Ricci curvature and
we get the following result.
Theorem 1.1. Let (M, F ) and (M, F˜ ) be two n-dimensional projectively related Finsler manifolds with the projective factor P =
P (x, y). Suppose their Ricci curvatures Ric and R˜ic satisfy
R˜ic− Ric (n − 1)λF 2, (1)
where λ is a constant. Then there hold the following
(i) (λ 0) If (M, F ) is complete, then
−√λF (y) P (y)√λF (y).
(ii) (λ < 0) Every geodesic of (M, F ) has ﬁnite length. So (M, F ) is neither positively complete nor negatively complete.
If λ = 0 and (M, F ) is complete, then by Theorem 1.1(i) we have P (y) = 0, which shows the projective relation between
(M, F ) and (M, F˜ ) is trivial (Gi = G˜ i ). This fact has been proved in [2]. So Theorem 1.1(i) generalizes the comparison theorem
on Ricci curvature in [2]. In the case of P = 0, it is clear that (M, F˜ ) is also complete and F˜ (c(t), c˙(t)) = constant, where
c(t) is a geodesic of (M, F ).
In spray geometry, one important problem is concerned about the induction of a spray by a Finsler metric. There have
been some examples showing that not every spray can be induced by a Finsler metric (see [2,12]). In [6], it gives some
conditions for an isotropic spray to be induced by a Finsler metric (possibly singular). In this paper, we construct a family of
isotropic sprays which cannot be induced by any (even singular) Finsler metric, which is shown in the following theorem.
Theorem 1.2. Let F be a Finsler metric which is projectively ﬂat on U ∈ Rn with its spray given by Gi = P yi . Suppose F is of constant
ﬂag curvature λ. Deﬁne a new spray G˜ by
G˜i = Gi + δF yi, (2)
where δ is a constant. Then G˜ is R-ﬂat if and only if
δ2 + λ = 0.
Further, the spray G˜ can be induced by a Finsler metric F˜ if and only if δ2 + λ = 0, or δ = 0. In this case, F˜ is projectively ﬂat, and F˜ is
of zero ﬂag curvature if δ2 + λ = 0, and F˜ is of non-zero constant ﬂag curvature λ˜ satisfying λ˜ F˜ 2 = λF 2 if δ = 0 and λ = 0.
In Theorem 1.2, there is no restriction of regularity on F˜ . The spray G˜ i given by (2) is isotropic for any δ. By Theorem 1.2,
we know that G˜ i cannot be induced by any Finsler metric (even singular) if λ and δ satisfy δ2 +λ = 0 and δ = 0. This family
of isotropic sprays do not satisfy the conditions given in [6]. Meanwhile, Muzsnay [8] also discusses the induction problem
of a spray by a Finsler metric using the holonomy distributions. Theorem 1.2 gives an examples to the results in [8], but
Theorem 1.2 also shows a completely different way from that in [8].
Let Θ = Θ(x, y) be a Funk metric deﬁned on the strongly convex domain Ω ∈ Rn (0 ∈ Ω). Then Θ is projectively ﬂat
with its spray Gi = 12Θ yi and Θ is of constant ﬂag curvature K = −1/4 [9]. Deﬁne a new spray G˜ i given by
G˜ i = τΘ yi, (3)
where τ is a constant. By Theorem 1.2, it is easy to get the following corollary.
Corollary 1.3. Let Θ = Θ(x, y) be a Funk metric. Then there exists a Finsler metric F˜ which induces the spray G˜i given by (3) if and
only if τ = 0,1, 12 .
2. Preliminaries
Let M be an n-dimensional manifold. A spray on M is a smooth vector ﬁeld G on TM \{0} expressed in a local coordinate
system (xi, yi) in TM as follows
G = yi ∂
∂xi
− 2Gi ∂
∂ yi
,
where Gi = Gi(x, y) are local functions on TM satisfying Gi(x, λy) = λ2Gi(x, y) for any constant λ > 0. In local coordinates,
a geodesic of a spray is characterized by
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dt2
+ 2Gi
(
x,
dxi
dt
)
= 0.
A spray space (M,G) is called positively (resp. negatively) complete if any geodesic of (M, F ) can be deﬁned on some interval
(a,+∞) (resp. (−∞,a)). A spray space (M,G) is called complete if any geodesic of (M, F ) can be deﬁned on (−∞,+∞).
Using Gi , we deﬁne the important Riemann curvature tensor Rik by
Rik := 2∂G
i
∂xk
− y j ∂
2Gi
∂x j∂ yk
+ 2G j ∂
2Gi
∂ y j∂ yk
− ∂G
i
∂ y j
∂G j
∂ yk
, (4)
and the trace of Rik is called the Ricci curvature, Ric := Ri i . A spray G is called isotropic if for some local functions τk = τk(y)
there hold
Rik = Ricn − 1δ
i
k + τk yi .
A spray G is called R-ﬂat if Rik = 0. Deﬁne
H j
i
kl := 13
{
∂2Ril
∂ y j∂ yk
− ∂
2Rik
∂ y j∂ yl
}
, Hij := Him jm,
in which, the former are the coeﬃcients of the so-called h-curvature tensor of Berwald connection in literature.
Two spray spaces (M,G) and (M, G˜) are called projectively related if there hold
G˜ i = Gi + P yi,
where P = P (x, y) is called the projective factor which is a local function satisfying P (x, λy) = λP (x, y) for any λ > 0.
Projectively related sprays have the same geodesics as points. In this case, we have
R˜ic(y) = Ric(y) + (n − 1)[P2(y) − P ;k(y)yk], (5)
H˜i j − H˜ ji = Hij − H ji − (n + 1)Q ij, (6)
where
Q ij := Pi; j − P j;i, Pi := P .i,
and ;k and .k denote the h- and v-covariant derivatives respectively in the Berwald connection of Gi in this paper.
A Finsler metric F induces a spray whose coeﬃcients Gi are given by
Gi := 1
4
gil
{[
F 2
]
xk yl y
k − [F 2]xl},
where gij := ( 12 F 2)yi y j is the fundamental metric tensor, and (gij) is the inverse of (gij). F is called of scalar ﬂag curvature
K = K (x, y) if
Rik = K
(
F 2δik − yi yk
)
,
where yk := gkm ym . If K = constant, then F is called of constant ﬂag curvature K .
Two Finsler spaces (M, F ) and (M, F˜ ) are projectively related if the sprays induced by them are projectively related. In
this case, we have
P = F˜;k y
k
2 F˜
. (7)
A Finsler metric F is called projectively ﬂat on an open domain in Rn , if its spray satisﬁes Gi = P yi . In this case, F and P
satisfy
y j Fx j yk = Fxk , (8)
Fxk = (P F )yk . (9)
If additionally, F is of constant ﬂag curvature λ, then the projective factor P satisﬁes the following relation [1]
Pxk = P P yk − λF F yk . (10)
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To prove Theorem 1.1, we need some preparations.
Lemma 3.1. Let x(t) and y(t) be two functions satisfying the following differential inequalities
x′(t) + σ(t)x2(t) f (t), y′(t) + σ(t)y2(t) f (t), x(t0) = y(t0),
where σ(t) and f (t) are two known functions. Then there hold
x(t) y(t) (∀t  t0); x(t) y(t) (∀t  t0).
Proof. Deﬁne
h(t) := e
∫ t
t0
σ (s)[x(s)+y(s)]ds[
x(t) − y(t)].
Then
h′(t) = e
∫ t
t0
σ (s)[x(s)+y(s)]ds[
x′(t) − y′(t) + σ(t)x2(t) − σ(t)y2(t)] 0.
So h(t) is non-decreasing. By h(t0) = 0 it is easy to see that
h(t) 0 (∀t  t0); h(t) 0 (∀t  t0).
This completes the proof. 
Proposition 3.2. Let (M, F ) and (M, F˜ ) be two n-dimensional projectively related Finsler manifolds with the projective factor P =
P (x, y), and (M, F ) is positively complete. Suppose their Ricci curvatures Ric and R˜ic satisfy (1) with λ  0. Then there hold the
following cases.
(i) P (y)
√
λF (y) (∀y).
(ii) If there exists some yˆ ∈ TxM such that P ( yˆ) =
√
λF ( yˆ), then
P
(
σ˙ (t)
)= √λF (σ˙ (t)) (∀t  0),
if there exists some yˆ ∈ TxM such that P ( yˆ) = −
√
λF ( yˆ), then
P
(
σ˙ (t)
)
−√λF (σ˙ (t)) (∀t  0),
where σ(t) is a geodesic of (M, F ) with σ˙ (0) = yˆ.
(iii) For any geodesic σ(t) of (M, F ), the following is satisﬁed
lim
t→+∞
P (σ˙ (t))
F (σ˙ (t))
−√λ.
Proof. For any ﬁxed unit vector y ∈ TxM , let c(t) be a geodesic of (M, F ) with c˙(0) = y. We deﬁne
P (t) := P(c˙(t)),
then there holds
P ′(t) = P ;k
(
c˙(t)
)
c˙k(t).
By (1) and (5), it is known that
P ′(t) − P2(t)−λ. (11)
It follows from (11) and Lemma 3.1 that
P (t) Pˆ (t) (∀t  0); P (t) Pˆ (t) (∀t  0), (12)
where Pˆ (t) satisﬁes Pˆ ′(t) − Pˆ2(t) = −λ, Pˆ (0) = P (y), and it is given by
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⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
P (y)
1−P (y)t , if λ = 0;
√
λ(1+C1e2
√
λ·t )
1−C1e2
√
λ·t , if λ > 0 and P (y) = −
√
λ;
±√λ, if λ 0 and P (y) = ±√λ;√−λ · tan(√−λ · t + C2), if λ < 0,
(13)
where
C1 := P (y) −
√
λ
P (y) + √λ, C2 := arctan
(
P (y)/
√−λ ).
If λ = 0 and P (y) > 0, then by (12) and (13) we see that
lim
t→t−0
P (t) lim
t→t−0
Pˆ (t) = +∞,
where t0 = 1/P (y) > 0. This contradicts with that (M, F ) is positively complete. Therefore we have P (y) 0. If λ > 0 and
P (y) >
√
λ, then similarly by (12) and (13) we obtain
lim
t→t−0
P (t) lim
t→t−0
Pˆ (t) = +∞
where t0 = − ln(C1)/(2
√
λ) > 0. This also contradicts with that (M, F ) is positively complete. Therefore we get that
P (y)
√
λ. Summing up the two cases together we get the proof of item (i).
Suppose λ 0. If P (y) = √λ, then by (13) it is known that Pˆ (t) = √λ, and then by (12) we see that P (t)√λ (∀t  0).
Thus it follows from item (i) that P (t) = √λ (∀t  0). If P (y) = −√λ, then by (12) and (13) we have P (t)−√λ (∀t  0).
This completes the proof of item (ii).
Suppose λ  0. Let c(t) be an arbitrary geodesic of (M, F ) with c˙(0) = y. If P (y) = √λ, then by (13) we have
limt→+∞ Pˆ (t) = −
√
λ. Finally by (12) we get
lim
t→+∞
P (t)−√λ.
This completes the proof of item (iii). 
Proposition 3.3. Let (M, F ) and (M, F˜ ) be two n-dimensional projectively related Finsler manifolds with the projective factor P =
P (x, y), and (M, F ) is negatively complete. Suppose their Ricci curvatures Ric and R˜ic satisfy (1) with λ  0. Then there hold the
following cases.
(i) P (y)−√λF (y) (∀y).
(ii) If there exists some yˆ ∈ TxM such that P ( yˆ) = −
√
λF ( yˆ), then
P
(
σ˙ (t)
)= −√λF (σ˙ (t)) (∀t  0),
if there exists some yˆ ∈ TxM such that P ( yˆ) =
√
λF ( yˆ), then
P
(
σ˙ (t)
)

√
λF
(
σ˙ (t)
)
(∀t  0),
where σ(t) is a geodesic of (M, F ) with σ˙ (0) = yˆ.
(iii) For any geodesic σ(t) of (M, F ), the following is satisﬁed
lim
t→−∞
P (σ˙ (t))
F (σ˙ (t))

√
λ.
The proof to Proposition 3.3 is similar as that of Proposition 3.2. So is omitted.
Proof of Theorem 1.1. Theorem 1.1(i) follows directly from Propositions 3.2(i) and 3.3(i).
For the proof of Theorem 1.1(ii), put
t1 = −
(
π
2
+ C2
)/√−λ < 0, t2 = (π
2
− C2
)/√−λ > 0.
By (13) we easily get
lim
t→t+
Pˆ (t) = −∞, lim
t→t−
Pˆ (t) = +∞.
1 2
G. Yang / Differential Geometry and its Applications 29 (2011) 606–614 611Thus by (12) we obtain
lim
t→t+1
P (t) = −∞, lim
t→t−2
P (t) = +∞.
Therefore, (M, F ) is neither positively complete nor negatively complete. 
Remark 3.4. In Theorem 1.1, for a unit vector y ∈ TxM , let c(t) be a geodesic of (M, F ) deﬁned on (a,b) with c˙(0) = y.
Suppose λ 0. If P (y) >
√
λF (y), then by the proof of Proposition 3.2(i) we see that
b− ln(C1)/(2
√
λ) (λ = 0); or b 1/P (y) (λ = 0).
Similarly if P (y) < −√λF (y), then we have
a− ln(C1)/(2
√
λ) (λ = 0); or a 1/P (y) (λ = 0).
Suppose λ < 0. By the proof of Theorem 1.1(ii) we have
a−
(
π
2
+ C2
)/√−λ, b (π
2
− C2
)/√−λ.
Example 3.5. For a strongly convex domain Ω ⊂ Rn (0 ∈ Ω), the Funk metric F = F (x, y) satisﬁes x + y/F (x, y) ∈ ∂Ω . Let
F˜ = F˜ (x, y) be the Hilbert metric which is deﬁned by F˜ = [F (x, y) + F (x,−y)]/2. We know that F is positively complete
but not negatively complete, and F˜ is complete. They are projectively ﬂat with constant ﬂag curvatures −1 and −1/4
respectively, and projectively related by [9]
G˜ i = Gi + P yi, P (x, y) = −1
2
F (x,−y),
R˜ic− Ric = (n − 1)
(
1
4
F 2 − F˜ 2
)
.
If there is some constant λ satisfying
R˜ic− Ric (n − 1)λF 2,
that is,
1
4
F 2 − F˜ 2  λF 2, (14)
then by Theorem 1.1(ii), there must hold λ 0. This fact can also be veriﬁed directly. Eq. (14) can be written as
1−
[
1+ F (x,−y)
F (x, y)
]2
 4λ.
Clearly the above holds if and only if λ 0. Now suppose (14) holds. Then by Proposition 3.2(i) we get P (x, y)
√
λF (x, y),
which is obvious. Further by Proposition 3.2(iii) we get lim t→+∞P (c(t), c˙(t)) 0, where c(t) is a geodesic of F with t the
arc-length parameter and c˙(0) = y ∈ TxΩ . We verify this fact directly as follows. By z := x+ y/F (x, y) ∈ ∂Ω , we have
F (x, y) = 〈z − x, y〉|z − x|2 . (15)
For some σ(s) := x+ sy, there holds c(t) = σ(s(t)). Then by
(z =)x+ y
F (x, y)
= σ(s) + y
F (σ (s), σ˙ (s))
∈ ∂Ω,
we get
F
(
σ(s), σ˙ (s)
)= F (x, y)
1− sF (x, y) ,
which yields
t =
s∫
F
(
σ(s), σ˙ (s)
)
ds = − ln[1− sF (x, y)], s = 1− e−t
F (x, y)
. (16)0
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F
(
c(t),−c˙(t))= F(x+ sy,− e−t
F (x, y)
y
)
= e
−t
F (x, y)
F (x+ sy,−y), (17)
and by (15),
F (x+ sy,−y) = 〈z − x− sy,−y〉|z − x− sy|2 , (18)
where z := x+ (−y)/F (x,−y) (= x+ sy + (−y)/F (x+ sy,−y)) ∈ ∂Ω . Now it follows from (16)–(18) that
P
(
c(t), c˙(t)
)= −1
2
F
(
c(t),−c˙(t))= −1
2
F (x,−y)
F (x, y)
1− sF (x, y)
1+ sF (x,−y) . (19)
Clearly the above shows that limt→+∞ P (c(t), c˙(t)) = 0, since (16) shows that s → 1/F (x, y) as t → +∞. Besides, Theo-
rem 1.1(i) does not hold, since by (19) we have lims→a+ P (c(t), c˙(t)) = −∞, where a := −1/(F (x,−y)).
For another case to compare Hilbert metric F˜ with the standard Euclidean metric in Ω , we obtain
0 = G˜ i + P˜ yi, P˜ (x, y) = −1
2
[
F (x, y) − F (x,−y)],
0− R˜ic = (n − 1) F˜ 2.
If there is some constant λ such that −R˜ic  (n − 1)λ F˜ 2 (equivalent to λ  1), then by Theorem 1.1(i) we see that there
must hold −√λ F˜  P˜ √λ F˜ , that is,
−√λ[F (x, y) + F (x,−y)]−[F (x, y) − F (x,−y)]√λ[F (x, y) + F (x,−y)].
The above inequalities can also be veriﬁed directly for λ 1.
4. A class of projectively ﬂat sprays
Proof of Theorem 1.2. By Gi = P yi and (2) we have
G˜ i = (P + δF )yi . (20)
By aid of (8), (9) and (10), it follows from (20) that
2
∂ G˜ i
∂xk
= 2(Pxk + δFxk )yi,
y j
∂2G˜ i
∂x j∂ yk
= y j[(Px j yk + δFx j yk )yi + (Px j + δFx j )δik]
= y j[(P y j P yk + P P y j yk − λF y j F yk − λF F y j yk + δFx j yk )yi + (Px j + δFx j )δik]
= [P P yk − λF F yk + δFxk ]yi +
(
P2 − λF 2 + 2δP F )δik,
and
2G˜ j
∂2G˜ i
∂ y j∂ yk
= 2y j[(P y j yk + δF y j yk )yi + (P y j + δF y j )δik + (P yk + δF yk )δij]
= 2(P + δF )2δik + 2(P + δF )(P yk + δF yk )yi,
∂ G˜ i
∂ y j
∂ G˜ j
∂ yk
= [(P y j + δF y j )yi + (P + δF )δij][(P yk + δF yk )y j + (P + δF )δ jk]
= (P + δF )2δik + 3(P + δF )(P yk + δF yk )yi .
Plug all the above formula into (4), and then by using (9) and (10) we obtain
R˜ ik =
[
δFxk + 2Pxk − P P yk + λF F yk − (P + δF )(P yk + δF yk )
]
yi + [(P + δF )2 − (P2 − λF 2 + 2δP F )]δik
= (δ2 + λ)(F 2δik − F F yk yi).
Clearly G˜ i is R-ﬂat if and only if δ2 + λ = 0.
Now suppose that there exists some Finsler metric F˜ inducing G˜ i . By (2) we know that F˜ and F are projectively related
with the projective factor P¯ = δF . So we get
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which imply that F˜ is also of constant ﬂag curvature λ˜ by (6), Lemmas 4.1 and 4.2 below. Then by (5) there holds
λ˜ F˜ 2 = λF 2 + δ2F 2 = (δ2 + λ)F 2. (21)
Case 1. δ2 + λ = 0. Then by (21) we have λ˜ = 0, which shows that F˜ is of zero ﬂag curvature.
Case 2. δ2 + λ = 0. In this case, we will show that δ = 0. By (21) we see that λ˜ = 0, and there holds
F˜ = aF , (22)
where a :=
√
(δ2 + λ)/λ˜. It follows from (20) that F˜ is projectively ﬂat with the projective factor P˜ := P + δF . So by (9) we
have
F˜ xk = [ P˜ F˜ ]yk =
[
(P + δF ) F˜ ]yk . (23)
Then by (22) and (23) we get
aFxk = a
[
(P yk + δF yk )F + (P + δF )F yk
]
= a[(P F )yk + 2δF F yk]. (24)
Since F is projectively ﬂat with the projective factor P , it follows from (9) and (24) that there must hold δ = 0. Then by
(21) we have λ˜ F˜ 2 = λF 2.
Conversely, if δ = 0, then clearly there exists a Finsler metric F˜ inducing G˜ i (F itself is such a metric). If δ = ±√−λ, then
since F is projectively ﬂat with constant ﬂag curvature λ, it is easy to verify that the following function
P˜±(x, y) = P (x, y) ±
√−λF (x, y)
satisﬁes ( P˜±)xk = P˜±( P˜±)yk [11]. For an arbitrarily ﬁxed Minkowski functional ψ(y) on Rn , deﬁne a Finsler metric F˜±(x, y)
as follows
F˜±(x, y) := ψ
(
y + P˜±(x, y)x
){
1+ ( P˜±)ym (x, y)xm
}
. (25)
It follows from [11] that the Finsler metric F˜±(x, y) in (25) is projectively ﬂat with zero ﬂag curvature and its projective
factor is P˜±(x, y). This shows that the Finsler metric F˜±(x, y) induces the spray G˜ i in (2) (in which δ = ±
√−λ). 
To show in the above proof that F˜ is of constant ﬂag curvature by Q ij = 0, we list the following two lemmas.
Lemma 4.1. A Finsler metric F of scalar ﬂag curvature is of isotropic ﬂag curvature if and only if Hij − H ji = 0.
It is easy to prove Lemma 4.1. However, in [4] and [5], the authors asserted that an n-dimensional Finsler metric F of
scalar ﬂag curvature is of constant ﬂag curvature if Hij − H ji = 0. This is not true if n = 2. Actually, every Finsler metric of
isotropic ﬂag curvature satisﬁes Hij − H ji = 0.
Lemma 4.2. Let F and F˜ be two projectively related Finsler metrics with F being of constant ﬂag curvature and F˜ being of isotropic
ﬂag curvature, then F˜ is also of constant ﬂag curvature.
The proof to Lemma 4.2 is obvious by Schur’s Theorem if the dimension n 3. In case of n = 2, it is easy to prove F˜ is
of constant ﬂag curvature by using the two-dimensional projective invariant Wij and Ricci identities, where Wij is deﬁned
by [7]
Wij := Hi; j − H j;i,
where Hi := yk(2Hkj + H jk).
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